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Abstract. By the generator of the UrQMD model, event statistics for the products
of kurtosis (κ) and variance (σ2) of net-proton and net-charge multiplicity distributions
are carefully studied. It is shown that the statistics at RHIC/BES below
√
sNN < 19.6
GeV are not sufficient for using the method of Centrality Bin Width Correction
(CBWC). Corresponding results are systematically underestimated. A way to improve
the CBWC method is proposed. It can remove the statistics dependence of the data
and reduce the initial size fluctuation as well.
1. Introduction
The ratios of high-order cumulants (from the 3rd to the 6th order ones) of conserved
quantities are suggested as sensitive measurements of the QCD phase transition [1, 2,
3, 4, 5, 6, 7, 8]. Recently, the ratios of low-order cumulants (from the 1st to the 3rd
order ones) are turned out to be a useful probe of freeze-out temperatures [9, 10]. So
it is important to precisely determine the cumulants experimentally, and subtract the
influence of non-critical effects.
The initial size fluctuation is one of the important non-critical effects. Although it
has not been taken into account in most of the theoretical calculations [11, 12, 13], it
exists in all event variables in experiments. Experimentally, the initial size is usually
quantified by the collision centrality, which is determined by the multiplicity (Nch) of
the final state. A centrality bin corresponds to a range of multiplicity. For a given
centrality bin, i.e., a range of multiplicity, the initial size still fluctuates from event to
event [14, 15]. Therefore, its influence on high-order cumulants of conserved quantities
cannot be neglected [16, 17].
In order to reduce the initial size fluctuation, it is suggested to calculate the
cumulant at each of Nch. The cumulant is averaged over all multiplicities in a given
centrality, where the average is weighted by the number of events in each of Nch. This
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2is called the Centrality Bin Width Correction (CBWC) [18]. The corrected cumulants
obviously show less centrality dependence [18, 19, 20].
A precise estimation of the high-order cumulant requires larger statistics. At
RHIC/BES, however, the number of events, or statistics, is not yet large enough. In this
case, we should carefully check if the statistics are large enough for the CBWC method.
At the lowest RHIC/BES energy (
√
sNN = 7.7 GeV), the total available number of
events for the analysis of net-proton and net-charge cumulants are only a few millions,
and a few hundred millions at the top RHIC/BES energy (
√
sNN = 200 GeV) [21, 22].
The statistics in each of Nch are much less than the whole data sample. As a rough
estimation, for 0-5% centrality at
√
sNN = 7.7 GeV, the number of events for the
analysis of net-proton is around 0.19 Million (M). ‡ There are around 100 multiplicity
bins without considering the tail of the multiplicity distributions [23]. Then the total
number of events in the sample in each Nch is just around 1900. Therefore, it should be
carefully checked if these statistics are enough for the CBWC method.
As we have discussed, the motivation of the CBWC method is to reduce the initial
size fluctuation, but calculating cumulants in each of Nch is not only the solution. In
fact, many other factors, such as tracking inefficiency loss which can fluctuate event-
by-event, and fluctuations in particle production, affect the multiplicity measurement.
Those factors invalidate the one-to-one correspondence of Nch to initial size. If we
select a proper multiplicity bin width which is approximately the size of the resolution
of Nch, those uncontrollable factors will be smeared. Since the width of this kind of
multiplicity bin is slightly wider than each of multiplicity and much narrower than the
entire multiplicity region in a given centrality, the statistics will be largely improved,
and the initial size fluctuations will be reduced as well.
In this paper, the application of the CBWC method for the statistics of
RHIC/STAR experiments is carefully discussed by using the sample generated by the
UrQMD model. It is found that the statistics at low RHIC/BES energies are not
sufficient for applying the CBWC method, and the expectations of κσ2 of net-proton
and net-electric charge are obviously smaller than those with sufficient statistics.
In Section III, way to improve the CBWC method is proposed. Instead of getting
the cumulant in each of Nch in a given centrality, we show the statistics dependence
of κσ2 at various centrality bin widths. An appropriate centrality bin width is found,
where a stable mean of κσ2 is obtained and initial size fluctuation is well reduced with
contemporary statistics at RHIC/STAR experiments. Finally, the summary is provided
in Section IV.
‡ The analyzed statistics for cumulants of net-proton multiplicity distributions is 3 Million at √sNN =
7.7 GeV in Au + Au collisions. Ignoring the efficiency loss at peripheral collisions, we just simply
suppose that 116 of the events are within the 0− 5% centrality.
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Figure 1. (Color online) The fluctuations of κσ2 of net-proton calculated by the
CBWC method for central collisions, with centrality 0 − 5%. Where total numbers
of minimum bias events for each of sub-samples are 1M (a) , 5M (b) and 25M (c),
respectively. The minimum bias sub-samples is Au + Au collisions at 11.5 GeV
generated by UrQMD model. The x-axis is the label of sub-samples. The solid line in
each panel is the mean of all points.
2. The problem of current calculations
The sample generated by UrQMD model [24] is used to examine if the statistics of
current RHIC/BES energies are enough for the CBWC method. Although the particle
production mechanism of the UrQMD model may differ from that of a real experiment,
statistics dependence of the cumulants should be a valuable reference for experimental
data analysis.
We focus our discussions on the case of Au + Au collisions at
√
sNN = 11.5 GeV.
Its statistics are 6.6M for net-proton, and 2.4M for net-charge at RHIC/BES as showed
in Table I [21, 22]. We firstly simulate total 250 million minimum bias events, and
then randomly divide the total events into 250, 125, 50, 25, 10 and 5 sub-samples.
Corresponding statistics for each kind of sub-samples are 1M, 2M, 5M, 10M, 25M and
50M, respectively. So we can see how the mean value at each kind of sub-sample change
with the statistics. These statistics cover all of the cases at RHIC/STAR shown in Table
I.
Energy (GeV) 200 62.4 39 27 19.6 11.5 7.7
Events of net-proton (Million) 238 47 86 30 15 6.6 3
Events of net-charge (Million) 75 32 56 24 15.5 2.4 1.4
Table 1. Statistics (0-80% centrality) at RHIC/BES energies for net-proton and net-
charge cumulant analysis. The difference between net-proton and net-charge comes
from event selections [21, 22].
For a given sub-sample, we divide it into 9 centralities, the same way we did in data
4analysis [21, 22]. We choose the centrality 0-5% as an example. Where, range of Nch
for centrality definition is the largest, and the multiplicity distributions of net-proton
(or net-charge) is the widest. So measured results are more sensitive to statistics than
that of other centralities.
According to the CBWC method, the κiσ
2
i of net-proton multiplicity distribution
is calculated in each of Nch and weighted by the number of events in correspondent Nch.
For any sub-sample with total 1M minimum bias events, the results at each sub-sample
are presented in Fig. 1(a) by black solid points. The x-axis is the label of sub-samples.
The red line is the mean value of κσ2 (〈κσ2〉) of net-proton, which is averaged over total
250 such kind of sub-samples. We can see that κiσ
2
i is unstable and fluctuates around
〈κσ2〉.
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Figure 2. (Color online) Statistics dependence of
〈
κσ2
〉
of net-proton and net-
charge multiplicity distributions calculated by the CBWC method in centrality 0-5%
at
√
sNN=11.5 GeV by the UrQMD model. The x-axis is the number of the total
minimum bias events of each sub-sample. The statistical errors are obtained from
the formula of error propagation. The error of each point is very close to each other
since the simulated data used for all the data points are identical except that they are
chopped into different numbers of sub-samples.
The results for the sub-samples with 5M and 25M minimum bias events are
presented in Fig. 1(b) and (c), respectively. Fig. 1 shows 〈κσ2〉 keeps increasing from
Fig. 1(a) to (c), which indicates that 1M (or 5M) minimum bias events are not enough
for using the CBWC method.
In order to find the statistics required for a stable 〈κσ2〉 of net-proton multiplicity
distributions, the statistics dependence of 〈κσ2〉 at centrality 0-5% is shown in Fig. 2(a).
Where the x-axis is the number of total minimum bias events of each sub-sample.
These errors are close to each other and correlated among the data points, because the
simulation data used for all the data points are identical except that they are chopped
5into different numbers of sub-samples. Therefore, the differences between the data points
are real despite they are smaller than the drawn error bars. The results shown in this
plot can be directly compared with the statistics at RHIC/STAR showed in Table I.
The statistics we mentioned in the following are the minimum bias sample.
Fig. 2(a) shows that 〈κσ2〉 increases rapidly with statistics when it is smaller than
10M. With further increases in statistics, the mean increases less and less and finally
converges to a saturated value at 250M. If the difference to this saturated value less than
5% of it is acceptable (Considering that experimental uncertainties are often larger than
5%, such as RHIC/STAR, 5% difference is reasonable.), the required statistics can be
obtained from the plot. For net-proton, the differences in 10M and 25M are 7.0% and
2.8% to approach the saturation value, respectively. So the statistics with the difference
less than 5% is about 15M. This statistics can be achieved when the incident energy is
above 19.6 GeV at RHIC/BES, cf. Table I. The current statistics at low RHIC/BES
energies are not enough for applying the CBWC method.
Fig. 2(a) also shows that the poorer the statistics, the smaller 〈κσ2〉 is. With
insufficient statistics, 〈κσ2〉 is systematically underestimated. This is more serious at
lower incident energy region at RHIC/BES where the statistics is even poorer, such as
a few millions events at 7.7 GeV.
The statistics dependency of 〈κσ2〉 for net-charge is presented in Fig. 2(b). It shows
that more statistics is needed to approach the same standard as that for net-proton, i.e.,
the difference with the saturated value at 250M is less than 5% of it. The differences in
25M and 50M are 7.4% and 4.1% of saturated value, respectively. The required statistics
have to be about 50M, much more than that for net-proton multiplicity distributions.
The statistics at RHIC/BES experiment are less than 50M below 27 GeV, cf., Table
I. The lower the energy, the poorer the statistics is in experiment. The experimental
statistics dependence of κσ2 of net-charge multiplicity distributions are not eliminated
especially at 7.7 GeV shown in [22], at which the central data point are obviously
smaller than that at the other energies in centrality 0-5%.
Here, we only show the statistics dependence of κσ2 of net-proton and net-charge
multiplicity distributions. The required statistics should be observable dependent. In
general, the higher the order of the cumulant, the larger the statistics is needed. It
should be examined case by case carefully.
3. A way to improve the CBWC method
Fig. 2 shows that with increase in statistics, 〈κσ2〉 becomes closer to the saturation
value. The statistics for each of κiσ
2
i will be largely increased if we do not calculate
κiσ
2
i in each of Nch, but a properly wider multiplicity bin, which is wider than each
of Nch and smaller than the whole multiplicity range. In this case, if the initial size
fluctuation can still be reduced equally as that calculated in each of Nch, it will be a
better solution for applying the CBWC method to current RHIC/BES with the limited
statistics resource.
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Figure 3. (Color online) Statistics dependence of means of κσ2 of net-proton (a) and
net-charge (b) multiplicity distributions calculated by the CBWC method at various
centrality bin widths: δ5.0% (black solid triangles), δ2.5% (black open squares), δ1.0%
(pink solid crosses), δ0.2% (black open triangles) and each of Nch (blue open circles)),
in centrality 0 − 5%. Where the minimum bias sub-sample is Au + Au collisions at√
sNN =11.5 GeV generated by the UrQMD model.
In order to study if such a proper multiplicity bin exists for current statistics
at RHIC/BES, we divide the whole multiplicity range in centrality 0 − 5% into 25
bins (δ0.2% centrality bin width), 5 bins (δ1.0% centrality bin width), 2 bins (δ2.5%
centrality bin width) and 1 bin ( δ5.0% centrality bin width), respectively. The larger
dividing bin number, the smaller statistics in each bin. By previously generated 250M
minimum bias sample, we still randomly divide them into 250, 125, 50, 25, 10 and 5
sub-samples, respectively. Fig. 3 presents the statistics dependence of 〈κσ2〉 with various
different proposed centrality bin width: each of Nch (blue open circles), δ0.2% (black
open triangle), δ1.0% (pink solid cross), δ2.5% (black open diamond), and δ5.0% (black
open square), respectively.
It shows that with the increase of centrality bin width, 〈κσ2〉 becomes flatter, i.e.,
the mean become independent of the statistics. For centrality bin width δ1.0%, as
showed by the pink solid crosses in the figure, the current statistics at RHIC/BES, a
few millions, are enough for getting a reliable result. Meanwhile, its saturated mean is
still close to that calculated at each of multiplicity with sufficient statistics, i.e., the pink
solid crosses are closer to the blue open circles when statistics is above 15M in Fig. 3(a)
and 50M in Fig. 3(b). This means that the initial size fluctuations are equally reduced.
With further increase of centrality bin width, e.g., δ2.5%, or δ5.0%, the saturated mean
is obviously higher than that obtained from δ1.0% centrality bin width. This shows
that the initial size fluctuations are not completely eliminated. So a proper centrality
bin width is about δ1.0%.
7To check if this centrality bin width works for other centralities, the centrality
dependence of 〈κσ2〉 of net-proton calculated by the CBWC method for different
centrality bin widths, δ5.0% (black open square), δ1.0% (blue open cross), and each
of Nch (blue open circle), with total number of events 2M are presented in Fig. 4. The
results calculated by the CBWC method at each of Nch with sufficient statistics, (i.e.,
the total number of events 50M) are also presented by the red solid circles. They can
be viewed as a standard of comparison.
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Figure 4. (Color online) Centrality dependence of
〈
κσ2
〉
of net-proton multiplicity
distributions calculated by the CBWC method with different centrality bin widths:
δ5.0% (black open square), δ1.0% (blue open cross), and each of Nch (blue open
circles), for total number of events 2M. The red solid circles are calculated by the
CBWC method at each of Nch for the total number of events 50M. The sub-samples
are Au + Au collisions at 11.5 GeV produced by the UrQMD model.
Fig. 4 shows 〈κσ2〉 calculated at δ1.0% centrality bin width with 2M events, which
is the same magnitude as current statistics at RHIC/BES, are almost overlapped with
those red solid circles. This indicates that δ1.0% centrality bin width is proper for nine
centralities.
Fig. 4 also shows that in central and mid-central collisions, the 〈κσ2〉 calculated at
each of Nch with 2M events are obviously smaller than those with sufficient statistics.
While they almost coincide in peripheral collisions. These deviations and coincidences
imply that the statistics of current RHIC/BES are not enough for applying the CBWC
method in mid-central and central collisions, but enough in peripheral collisions.
Meanwhile, we can see that the results with centrality bin width δ5.0% are systematically
larger than those with δ1.0%. It indicates that the initial size fluctuations are poorly
reduced if the centrality bin width is too larger.
8It should be noticed that the centrality dependence of 〈κσ2〉 calculated by δ1.0%
centrality bin width in Fig. 4 is not completely flat. It may be a result of the poor
centrality resolution in peripheral collisions as discussed in [19]. Moreover, the centrality
can be defined by the number of participant nucleons, or the impact parameter, or the
reference multiplicity. Each of them fluctuates from one to another. So the initial size
fluctuation is hard to be eliminated completely, even if the CBWC method is used. It
needs further investigation. We should be very careful in discussing the physics behind
the currently measured κσ2.
Here, we only show the appropriate centrality bin width for κσ2 of net-proton and
net-charge multiplicity distributions. It may be different from other orders of cumulants.
4. Summary
In this paper, the influence of statistics and initial size fluctuation on the measurement
of κσ2 is demonstrated. By the samples generated by the UrQMD model, statistics
dependence of κσ2 of net-proton and net-charge multiplicity distributions at RHIC/BES
energies is presented accordingly. It is shown that the statistics at RHIC/BES below√
sNN < 19.6 GeV are not sufficient for using the CBWC method. Corresponding
results are systematically underestimated.
An improved CBWC method is proposed. Where the measurement for κσ2 at each
of Nch is substituted by that at a proper centrality bin width. We found that such
a proper bin width is around δ1.0% for κσ2 of net-proton and net-charge multiplicity
distributions. It can remove the statistics dependence of the data and reduce the initial
size fluctuation as well. For the statistics of current RHIC/BES energies, such obtained
〈κσ2〉 are as good as those estimated by the CBWC method with sufficient statistics.
So it provides a more reliable measurement of 〈κσ2〉.
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